In this paper we study the existence of global solutions to the Cauchy problem Ž . for the matrix nonlinear Schrodinger equation MNLS in 2 space dimensions. Ä sharp condition for the global existence is obtained for this equation. This condition is in terms of an exact stationary solution of a semilinear elliptic equation. In the scalar case, the MNLS reduces to the well-known cubic nonlinear Schrodinger equation for which existence of solutions has been studied by many authors.
The object of our study is the Cauchy problem 1.1 ᎐ 1.2 , with M s R , of the matrix nonlinear equation. Our main result is as follows:
Here is a positi¨e solution of the equation Let us note that in the work that follows, the basic tool is energy estimates, whereas similar to the scalar case, the Strichartz estimates for the matrix nonlinear Schrodinger equation
0 w x provide the following local existence result 1 :
. Then there exists a T * s
) 0 such that the Cauchy problem 1.5 has a solution
Ž . Ž . Ž . w x To solve the Cauchy problem 1.1 ᎐ 1.2 , as in 10 , our strategy is to study an approximate Cauchy problem of Landau᎐Lifshitz type:
. Ž . In view of its uniform parabolicity, for each ) 0, 2.6 has a unique
To establish a uniform lower bound for T , one needs the following lemma which will be proved. Proof. First, we verify the result for l s 0 by direct computation:
By the Sobolev imbedding theorem, we have
Ž . where C is the Sobolev constant of R . Thus, by 2.9 , we have
By the Sobolev imbedding theorem, 
where C is a constant independent of . This ordinary differential inequality implies that for any constant K ) 5 5
, we can find T * s T * R such that
By the Gagliardo᎐Nirenberg inequality, we have
Ž .
0
Thus,
Consequently, we obtain
It is now apparent, proceeding by induction, that Ž .
½ 5 t
By integration by parts, we have 
GLOBAL EXISTENCE
In this section, we prove that the solution to the Cauchy problem Ž . Ž .
᎐ 1.2 of the matrix nonlinear Schrodinger equation is global under the condition
Let B be a local solution as given in Section 2, and let the maximal time w . interval of existence be 0, T . We will show that T s qϱ.
max max
We need the following lemma: w x LEMMA 3.1 12 . We ha¨e abo¨e interpolation estimate is
where is the ground state solution of
Recall the two conservation laws for the L 2 -norm and the Hamiltonian, namely,
Step 1. By the interpolation inequality 3.1 , we have
w . It follows from 3.5 that, for all t g 0, T ,
Ž . Combining 3.4 and 3.7 , and using the Sobolev imbedding theorem, we have
It follows from Strichartz' estimate see, e.g., Cazenave 4, Theorem 3.2.5 that
, r ) 2, 1rr q 1rrЈ s 1, where C is independent of t.
Ž . On the other hand, it follows from Holder's inequality, 3.7 and 3.8 , that
where C depends only on B .
0 Thus,
. Ž .
By the Sobolev imbedding theorem, one gets
where C depends only on t and B . As in the proof of Lemma 2.2, we have
dt R R Ž . By 3.11 and the Sobolev imbedding theorem, we have
Gronwall's inequality, we have 
Ž . where C t , C t depends only on t and B . By Gronwall's inequality, we obtain
where C depends only on t and B . 
Ž . where C t depends only on t and B .
0
Step 2. Now suppose that T -qϱ. Then for 0 -␦ -T , we can Ž . Ž . 
